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Autonomous Hamiltonian systems 

Consider an N degree of freedom autonomous 

Hamiltonian system having a Hamiltonian function of the 

form: 
 

H(q1,q2,é,qN, p1,p2,é,pN) 

The time evolution of an orbit  (trajectory)  with  initial  

condition 

P(0)=(q1(0), q2(0),é,qN(0), p1(0), p2(0),é,pN(0)) 

positions momenta 

is governed by the Hamiltonôs equations of motion 

µ µ

µ µ

i i

i i

dp dqH H
= -    ,    =

dt q dt p



Variational Equations 

We use the notation x = (q1,q2,é,qN,p1,p2,é,pN)T. The 

deviation vector from a given orbit  is denoted by 

v = (ŭx1, ŭx2,é,ŭxn)
T , with n=2N 

The time evolution of v is given by 

the so-called variational equations: 

Ö Ö
dv

= -J P  v
dt

  i, j =1,2, ,n
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where 

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93 



Example (H®non-Heiles system) 

Hamiltonôs equations of motion: 

( ) ( )2 2 2 2 2 3

x y

1 1 1
H = p + p + x + y + x y - y

2 2 3

i i
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dp dqH H
= -   ,  =

dt q dt p
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x = p

y = p

p = -x - 2xy

p = -y - x + y
In  order to get the variational  equations we linearize the above equations by 

substituting x, y, px, py with  x+v1, y+v2, px+v3, py+v4 where v=(v1,v2,v3,v4) is 

the deviation vector. So we get:  

Ý

Ý

x 3 1 1 2

x 3 1 2 1 1 2

p + v = -x - v -2(x+ v )(y+ v )

p + v = -x - v -2xy -2xv -2yv -2v v

3 1 1 2
v = -v - 2yv - 2xv



Example (H®non-Heiles system) 

Variational equations: Ö Ö
dv

= -J P  v
dt
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v = -v - 2xv - 2yv
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x = p

y = p

p = -x - 2xy

p = -y - x + y

+
Complete set of equations 



Poincar® Surface of Section (PSS) 

In  general we can assume a PSS of the form qN+1=constant. Then only 

variables q1,q2,é,qN,p1,p2,é,pN are needed to describe the evolution 

of an orbit  on the PSS, since pN+1 can be found from the Hamiltonian.  

We can constrain the 

study of an N+1 

degree of freedom 

Hamiltonian system 

to a 2N-dimensional 

subspace of the 

general phase space.  

In  this sense an N+1 degree of freedom Hamiltonian 

system corresponds to a 2N-dimensional symplectic map. 

Lieberman & Lichtenberg, 1992, Regular and Chaotic Dynamics, Springer. 



H®non-Heiles system: PSS 

Chaotic motion 

Chaotic sea 

Regular motion 

Island of stability 



Symplectic Maps 
Consider an 2N-dimensional symplectic map T. In  this 

case we have discrete time. 

This is an area-preserving map whose Jacobian matrix 

satisfies 

Ö ÖT

2N 2NM J M = J

µ µ µè ø
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Symplectic Maps 

The evolution of an orbit with initial condition  

P(0)=(x1(0), x2(0),é,x2N(0))  

is governed by the equations of map T 

P(i+1)=T P(i)  ,  i=0,1,2,é  

The evolution of an initial deviation vector  

v(0) = (ŭx1(0), ŭx2(0),é, ŭx2N(0)) 

is given by the corresponding tangent map 

µ
Ö

µ i

T
v(i+ 1) = v(i)  , i = 0,1,2,

P



Example ï 2D map 
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1 1 1 1 2

2 2 2 2 1 2

x x x = x + x
= T   (mod 2ˊ)

x x x = x  - ɜ sin(x  + x )

Equations of the map: 

µ
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µ i

T
v(i+ 1) = v(i)

P

Tangent map: 
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Lyapunov Exponents 

Roughly speaking, the Lyapunov exponents of a given 

orbit  characterize the mean exponential rate of divergence 

of trajectories surrounding it .  

Consider an orbit  in the 2N-dimensional phase space with 

initial  condition x(0) and an initial  deviation vector from it  

v(0). Then the mean exponential rate of divergence is:  

­¤t

v(t)1
ů(x(0),v(0))=lim ln

t v(0)



Lyapunov Exponents 

There exists an M-

dimensional basis {°i} of v 

such that for  any v, ů takes  

one of the M (possibly 

nondistinct) values 

ůi(x(0)) = ů(x(0), °i) 

which are the Lyapunov 

exponents.  

In autonomous Hamiltonian systems the M exponents are ordered in 

pairs of opposite sign numbers and two of them are 0. 

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93 



Computation of the Maximal 

Lyapunov Exponent 
Due to the exponential growth of v(t) (and of d(t)=||v(t)||) 

we renormalize v(t) from time to time. 

Then the Maximal Lyapunov exponent is computed as 

n t­¤
ä

n

1 i

i=1

1
ů = lim ln d

n



Maximum Lyapunov Exponent 

If  we start with  more than one linearly  independent 

deviation vectors they will  align to the direction defined by 

the largest Lyapunov exponent for chaotic orbits.  

ů1=0 Ï Regular motion 

ů1Ú0 Ï Chaotic motion 



The  

Smaller ALignment  Index  

(SALI )  

method 



Definition of Smaller 

Alignment Index (SALI)  
Consider the 2N-dimensional phase space of a conservative dynamical 

system (symplectic map or Hamiltonian flow).  

An orbit  in that space with initial condition : 

 P(0)=(x1(0), x2(0),é,x2N(0)) 

and a deviation vector  

 v(0)=(ŭx1(0), ŭx2(0),é, ŭx2N(0)) 

The evolution in time (in maps the time is discrete and is equal to the 
number n of the iterations) of a deviation vector is defined by: 

Åthe variational  equations (for Hamiltonian flows) and 

Åthe equations of the tangent map (for mappings)  



Definition of SALI  
We follow the evolution in time of two different  initial  

deviation vectors (v1(0), v2(0)), and define SALI  (Ch.S. 

2001, J. Phys. A) as: 

When the two vectors become collinear 

SALI(t) Ÿ 0  

{ }Ĕ Ĕ Ĕ Ĕ
1 2 1 2

SALI(t) = min v (t) + v (t) , v (t) - v (t)

Ĕ 1

1

1

v (t)
v (t) =

v (t)

where 



2
v (t)

1
v (t)

Behavior of SALI for chaotic motion 

For chaotic orbits the two initially  

different  deviation vectors tend to 

coincide with  the direction defined 

by the maximum Lyapunov 

exponent. 

Ĕ
1

v (0)

Ĕ
2

v (0)

Ĕ
2

v (t)

Ĕ
1

v (t)

P(0) 

P(t) 

SALI(0)  

SALI(t)  



Behavior of SALI for chaotic motion 
The evolution of a deviation vector can be approximated by:  
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v (t) = c e u  c e u + c e u

In this approximation, we derive a leading order estimate of the ratio  
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and an analogous expression for v2  
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So we get: 
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where ů1>ů2Ôé Ô ůn  are the Lyapunov exponents  and       j=1, 2, é, 
2N the corresponding eigendirections.  
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Behavior of SALI for chaotic motion 

ä
3

2 2 2 2i
i i 1 2 1 3

i=1

ɤ
H = (q + p )+ q q + q q

2

We test the validity  of the approximation SALIÖe-(ů1-ů2)t (Ch.S., 
Antonopoulos, Bountis, Vrahatis, 2004, J. Phys. A) for  a chaotic orbit  
of the 3D Hamiltonian 

with ɤ1=1, ɤ2=1.4142, ɤ3=1.7321, ȼ=0.09 

ů1Ü0.037 

ů2Ü0.011 

slope=-(ů1-ů2)/ln(10) 



P(t) 

P(0) 

Behavior of SALI for regular motion 

Regular motion occurs on a torus and two different  initial  

deviation vectors become tangent to the torus, generally  

having different  directions.  
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Applications ï H®non-Heiles system 

For E=1/8 we consider the orbits with  initial  conditions: 

Regular orbit,  x=0, y=0.55, px=0.2417, py=0 

Chaotic orbit,  x=0, y=-0.016, px=0.49974, py=0 

Chaotic orbit, x=0, y=-0.01344, px=0.49982, py=0  

As an example, we consider the 2D H®non-Heiles system: 



Applications ï H®non-Heiles system 
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t=1000 

t=4000 



Applications ï H®non-Heiles system 

y 

py 



The percentage of non chaotic orbits (SALI > 10-8 for t=1000) 

H®non-Heiles (1964) Astron. J. 69, 73. 
A. Manos (2004) Master Thesis, Univ. of Patras 

Applications ï H®non-Heiles system 



Applications ï 4D map 
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2 2 1 2 1 2 3 4

3 3 4

4 4 3 4 1 2 3 4

x = x + x

x = x  - ɜ sin(x  + x ) - ɛ [1 - cos(x  + x  + x  + x )] 
(mod 2ˊ)

x = x  + x

x = x  - ə sin(x  + x ) - ɛ [1 - cos(x  + x  + x  + x )] 

-3 -2 -1 0 1 2 3
X 

1

-3

-2

-1

0

1

2

3

X 
2 C D

For ɜ=0.5, ə=0.1, ɛ=0.1 we consider the orbits: 

regular orbit C with initial  conditions x1=0.5, x2=0, x3=0.5, x4=0.  

chaotic orbit D with initial  conditions x1=3, x2=0, x3=0.5, x4=0. 

2 3 4 5 6 7

logN 
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Applications ï 4D Accelerator map 
We consider the 4D symplectic map 

¡ å õå õ å õ
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11 1 1

2 2

2 1 32 1 1

33 2 2

4 1 34 2 2

xx cosɤ -sinɤ 0 0

x + x - xx sinɤ cosɤ 0 0
 =

xx 0 0 cosɤ -sinɤ

x - 2x xx 0 0 sinɤ cosɤ

describing the instantaneous sextupole ókicksô experienced by a particle as it  

passes through an accelerator (Turchetti  &  Scandale 1991, Bountis &  

Tompaidis 1991, Vrahatis et al. 1996, 1997).  

x1 and x3 are the particleôs deflections from the ideal circular  orbit,  in the 

horizontal and vertical directions respectively. 

x2 and x4 are the associated momenta  

ɤ1, ɤ2 are related to the acceleratorôs tunes qx, qy by ɤ1=2q́x,   ɤ2=2q́y 

Our goal is to estimate the region of stability  of the particleôs motion, the so-

called dynamic aperture of the beam (Bountis, Ch.S., 2006, Nucl. Inst Meth. 

Phys Res. A) and to increase its size using chaos control techniques (Boreaux, 

Carletti,  Ch.S., Vittot,  2012, Commun. Nonlinear Sci. Num. Simulat. ï 

Boreaux, Carletti,  Ch.S., Papaphilippou, Vittot,  2012, Int . J. Bifur . Chaos). 



4D Accelerator map ï " Global"  study  

Regions of different  values of the SALI  on the subspace 

x2(0)=x4(0)=0, after 105 iterations (qx=0.61803 qy=0.4152) 

4D map Controlled 4D map 

log(SALI)  



4D Accelerator map ï " Global"  study  
Increase of the dynamic aperture 

We evolve many orbits in 4D hyperspheres of radius r 

centered at x1=x2=x3=x4=0, for 105 iterations. 

4D map 

Controlled 4D map 

Regular orbits 

Chaotic orbits 



Applications ï 2D map 

¡

¡

1 1 2

2 2 1 2

x = x + x
  (mod 2ˊ)

x = x  - ɜ sin(x  + x )

For ɜ=0.5 we consider the orbits: 

regular orbit A with initial  conditions x1=2, x2=0. 

chaotic orbit B with initial  conditions x1=3, x2=0. 


