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Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian systemhaving a Hamiltonian function of the

form: positions momenta
A A

7

4 D 4 , \
H(d1,02 € n @1P2 € \)P
The time evolution of an orbit (trajectory) with initial
condition

P(0)=(q,(0), &.( 0) (©).pd0). p( 0) (O)) P

Isgovernedby theH a mi | egoatiadnsof motion
dp, _ pH dg _ H

dt o, dat




Variational Equations

We use the notation x = (4,09, ,dn.P1,P»€ ,py)'- The
deviation vector from a givenorbit is denotedby

v = (Ux,, UX,, eux,)", with n=2N

The time evolution of v is given by
the sacalledvariational equations:

o3 v
dt
where
0, -l O 2
J:%N § 8'?,- - WH i,j=1,2,..,n
C'N ON - KX K

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93



Examp |l e -HeilleRsgstem)

H = %(pi+ p; )+ —;(><2+y2)+><2y-—;yE

Hami I tonds equations @{=moti on:

| .
. . . 1Y=P
%:- H dq' = H Y‘I 4

dt g ' dt  p,  4p, = -x-2xy]

T — 2 2
[Py =-y-x"+y
In order to getthe variational equationswe linearize the aboveequationsby
substituting X, y, px, py with X+v;, y+V,, p,+Vs, p,+Vv, Where v=(vy,V,,V3,V,) IS
the deviation vector. Sowe get )
px+V3 = -X-V1-2(X+V1)(y+V2) Y

vy = v -2-2xv, -2y -2y, Y

V, = -V, - 2yV, - 2XV,




Example (H ® n -tHailes system)
dv

Variational equations: —=-J®

av, 8 0 -1 0 &+2y 2x 0 04y,
N _ P oo -182x 12y 0 0%,
&y, @ 0 0 0&0 0 1 Oa&,
&
X, B 10 0f0 o 018,
vV, = V, X =P,
VZ = V4 y:py
‘\'/3 = -v1-2xv2-2yv] P, = -X-2Xy
V, = -V,-2XV,+2yV, p, =-y-X"+y’

Complete set of equations



Poincar®

We can constrain the
study of an N+1
degree of freedom
Hamiltonian system
to a 2N-dimensional
subspace of the
generalphasespace

Lieberman & Lichtenberg, 199Regular and Chaotic DynamicSpringer.

In generalwe canassumea PSSof the form q,,,;=constant Then only
variables q,,0.,¢ ,qn.P1:P€ Py are neededto describe the evolution
of an orbit onthe PSS,sincep,,; canbefound from the Hamiltonian.

In this sensean N+1 degree of freedom Hamiltonian
systemcorrespondsto a 2N-dimensionalsymplecticmap.



PSS

H ® n -tlallessystem

/Chaotic motion
Chaotic sea

Island of stability




Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this

casewe havediscretetime.

This Is an areapreserving map whose Jacobian matrix

satisfies

TR
K, Xbh
LT
K, Xbh
Pon . TBA
K, Xbh
MO=J ,,



Symplectic Maps

The evolution of anorbit with initial condition
P0)=(%(0), %( 0 ) ,\8)) X

IS governedby the equationsof map T
P(i+1)=T P(i)

The evolution of an initial deviation vector

v(0) = (Ux,(0), ux,( 0 ) uxg(0))
IS given by the correspondingangent map

v(i+1):% aG) ,i=0,1,2,..



Examplei 2D map

Equations of the map:

axj 0 _Xa . B, i= X,;+tX,
5 1 Y ¢ (n
. 0 0 .
E?(b + g +,X =, X - 3 s n(

Tangentmap: T
. uT| . .
v(i+1)=—] QI
adxji a 1 1 adx
@x;_ggscpsz(x + X ) ;-g%lxz



Lyapunov Exponents

Roughly speaking, the Lyapunov exponentsof a given
orbit characterizethe meanexponentialrate of divergence

of trajectories surrounding it.

Consideran orbit in the 2N-dimensional phasespacewith
initial condition x(0) and an initial deviation vector from it
v(0). Then the meanexponentialrate of divergenceils:

0 1, v
U(X(O)t,_n\r;(m



Lyapunov Exponents

There exists an M-
dimensional basis {°;} of v
such that for any v, U takes
one of the M (possibly
nondistinct) values

G;(x(0)) = (0), °)
which are the Lyapunov
exponents

Tangent
3 Space at x,

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93

In autonomous Hamiltonian systems the M exponents are ordered in
pairs of opposite sign numbers and two of them are 0.



Computation of the Maximal
Lyapunov Exponent

Due to the exponential growth of v(t) (and of d(t)=||v(t)|])
we renormalize v(t) from time to time.

Nearby trajectory

Ty, T’:y" “
[ yax
dn . / n+2 ;_-—————-—-~0 .
I T,
.V,, d n+ .
N s X, Trajectory

Figure 5.6. Numerical calculation of the maximal Liapunov characteristic expo-
nent. Here y = x + v and 7 is a finite interval of time (after Benettin et al., 1976).

Then the Maximal Lyapunov exponent is computed as
1 n

U, = I +—ga

bomant g



Maximum Lyapunov Exponent
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Figure 5.7. Behavior of ¢ , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions (after Benettin
et al., 1976).

If we start with more than one linearly independent
deviation vectors they will align to the direction defined by
the largest Lyapunov exponentfor chaotic orbits.



The
Smaller ALignment Index
(SALI)
method



Definition of Smaller
Alignment Index (SALI)

Consider the2N-dimensionalphase space of a conservative dynamical
system(symplectic map or Hamiltonian flow).

An orbit in that space with initial condition :
P(0)=(x,(0), %( 0 ) @) x

and a deviation vector
v(0)=(Ux,(0),ux,( 0 ) uxg(0))

The evolution in time (in mapsthe time is discrete and is equal to the
number n of the iterations) of a deviation vector is defined by:

Ahe variational equations(for Hamiltonian flows) and
Ahe equationsof the tangentmap (for mappings)



Definition of SALI

We follow the evolution In time of two different initial

deviation vectors (v,(0), v,(0)), and define SALI (Ch.S.
2001, J. Phys A) as

SALI(t) =min {}ED) +v B | ¥ HEV @) [E

where

— Vl(t)
) =
a0 0]

When the two vectorsbecomecollinear

SALI (t) Y O




Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined

by the maximum Lyapunov /.. P

e

exponent i
i =0

v, (1)

v, (t)
SALI(t)

P() E (1)

Trajectory



Behavior of SALI for chaotic motion

The evolution of a deviation vector can be approximated by:

v,(t)= ac“)e fo elfErd e §

where U,>U Oe Ou are the Lyapunov exponentsa n dﬁ
2N the correspondmg eigendirections.

In this approximation, we derive a leading order estimate of the ratio

v,() o Ve + e UE .
wol e o e Y

and an analogous expression for,v

V2(t) o) (12)EUlEL+C(§)ezuLgE_ El ((?2) +2 o P L'j2|

v, 0] e Cy
So we get:
v, v | [vi® v 4 ‘P c® L8 o
SALI(t) = min j Ve - 2
Tlliva of .0l Vo7 o] y\c”\ c?)




Behavior of SALI for chaotic motion

We test the validity of the approximation [SALIOe(t2t|(Ch.S,,
Antonopoulos, Bountis, Vrahatis, 2004 J. Phys A) for a chaaotic orbit
of the 3D Hamiltonian

3
H=§ %(qi“ p2)+ 70, + 970,
i=1
with ¥,=1, ,=t.4142 ,~%.7321 @09
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Behavior of SALI for regular motion

Regular motion occurson a torus and two different initial
deviation vectors becometangent to the torus, generally
having different directions.




Applications T H® n -dlailessystem

AS an exa

mple,we considerthe 2D H ® n tl@ilessystem
L, . : L, . ; ; L .
Hy = S0 + ) + 5 (0% + %) + 2%y — oy

For E=1/8 we considerthe orbits with initial conditions;
Regular orbit, x=0, y=0.55, p,=0.2417, p,=0

Chaotic orbit, x=0, y=-0.016 p,=0.49974 p, =0

Chaotic orbit, x=0, y=-0.01344, p=0.49982, p=0

0.5

0F

log(SALI)
do




Applications T H® n -dlailessystem
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Applications T H® n -dlailessystem

0.5
Py
Bl 1og(SALD) <-12
0.0 [ N Bl -12 <log(SALI) <-8
| -8 <log(SALI) < -4
-4 < log(SALI)
0.5

-0.5




Applications T H® n -dlailessystem
The percentage of non chaotic orbitsSALI > 10 for t=1000)
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H ®n slailes (1964) Astron. J. 69, 73. A. Manos (2004) Master Thesis, Univ. of Patras




Applications I 4D map

Xji = X;*X,

2
X} = X '1325|n(X1+2 XS-I)XZl)} (Smo[dl

1
Xp = X3tX, -
Xi = X - a9 ,sin(x ,+, x;3x)) & [1°°

_1:
For3=0.5, 8=0.1, £=0.1 we considertheorbits ,

regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0. :
chaoticorbit D with initial conditionsx,=3, X,=0, x;=0.5, x,=0. hE

log(SALI)




Applications T 4D Accelerator map

We consider the 4D symplectic map

axi 6 @o,sY¥Y s sincy 0 46 X0
LS _ .

%& 5 gllnx ,CO0S Y 0 Sgﬁoﬁ-xé

&j 0 a0 0 C,0SY¥ , -&iny

F;E(LQ éﬁo 0 s,i n¥y, @SZXX

describing the mstantaneoussextupoleo K | eﬂpalencedby a particle asit
passesthrough an accelerator (Turchetti & Scandale 1991 Bountis &
Tompaidis 1991, Vrahatis etal. 1996 1997).

X, and x; are the p a r t ideflecgonssfrom the ideal circular orbit, in the
horizontal and vertical directions respectively

X, and x, are the associated momenta
¥, ,arerelatedtotheaccel er at poqlys,=t20,n ers= 2q],

Our goalis to estimatethe region of stability of thep a r t imotiore thesso
called dynamic aperture of the beam (Bountis, Ch.S., 2006 Nucl. Inst Meth.
PhysRes A) and to increaseits sizeusing chaoscontrol techniques(Boreaux,
Carletti, Ch.S, Vittot, 2012 Commun. Nonlinear Sci. Num. Simulat. i
Boreaux, Carletti, Ch.S., Papaphilippou, Vittot, 2012 Int. J. Bifur. Chaos)




4D Accelerator mapi " Global"™ study

Regionsof different values of the SALI on the subspace
X5(0)=x,(0)=0, after 10° iterations (q,=0.61803¢,=0.4152

1 4D map 1 Controlled 4D map
~0.5 ~0.5
x> 0 <> 0
0.5 0.5




4D Accelerator map! " Global™ study

Increase of the dynamic aperture

We evolve many orbits in 4D hyperspheresof radius r
centeredat x,=x,=x5;=x,=0, for 1P iterations.

100

4D map
| Controlled 4D map

757

5071

% of orbits

| Regqular orbits

257

3...| Chaotic orbits 177

| — ) g

0 0.5 1




Applications T 2D map

Xi = X1 + X2
Xp = X - 3,81 n& X
For3=0.5 we considertheorbits

regular orbit A with initial conditionsx,=2, x,=0.
chaoticorbit B with initial conditionsx;=3, x,=0.



